The conventional approach to exciting high phase velocity waves in plasmas is to employ a laser pulse moving in the direction of the desired particle acceleration. Photon downshifting then causes momentum transfer to the plasma and wave excitation. Novel approaches to plasma wake excitation, colliding-beam accelerator ͑CBA͒, which involve photon exchange between the long and short counter-propagating laser beams, are described. Depending on the frequency detuning ⌬ between beams and duration L of the short pulse, there are two approaches to CBA. First approach assumes ( L Ϸ2/ p ). Photons exchanged between the beams deposit their recoil momentum in the plasma driving the plasma wake. Frequency detuning between the beams determines the direction of the photon exchange, thereby controlling the phase of the plasma wake. This phase control can be used for reversing the slippage of the accelerated particles with respect to the wake. A variation on the same theme, super-beatwave accelerator, is also described. In the second approach, a short pulse with L ӷ p Ϫ1 detuned by ⌬ϳ2 p from the counter-propagating beam is employed. While parametric excitation of plasma waves by the electromagnetic beatwave at 2 p of two co-propagating lasers was first predicted by Rosenbluth and Liu ͓M. N. Rosenbluth and C. S. Liu, Phys. Rev. Lett. 29, 701 ͑1972͔͒, it is demonstrated that the two excitation beams can be counter-propagating. The advantages of using this geometry ͑higher instability growth rate, insensitivity to plasma inhomogeneity͒ are explained, and supporting numerical simulations presented.
I. INTRODUCTION AND MOTIVATION
Plasma is an attractive medium for ultrahigh gradient particle acceleration because it can sustain a very high electric field, roughly limited by the cold wavebreaking field E WB ϭmc p /eϷͱn͓cm Ϫ3 ͔V/cm, where p ϭͱ4e 2 n/m is the plasma frequency and n is the electron density. To accelerate injected particles to velocities close to the speed of light c, this electric field has to be in a form of a fast longitudinal plasma wave with phase velocity v ph Ϸc. The frequency of the fast plasma wave is p , and its wave number is k p Ϸ p /c. Excitation of such plasma waves can be accomplished by lasers or fast particle beams. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] Below we review the basics of linear plasma wave excitation in very general terms, without restricting ourselves to the specifics of the wakefield driver. Let us assume that plasma electrons are subject to the electric field of the fast plasma wave E, as well as other nonlinear forces F NL , for example, the ponderomotive force of one or more laser pulses. The total current JϭJ p ϩJ 2 which enters Ampère's law "ϫBϭ(1/c)‫ץ‬ t Eϩ(4/c)(J p ϩJ 2 ) is intentionally split into two components. The first one, J p ϭϪenv e , where v e is the electron fluid velocity, is driven by the electric field E and satisfies ‫ץ‬ t J p ϭe 2 nE. The second component J 2 is driven by the nonlinear ponderomotive force, or could also represent an external current provided by injected electron beam. Taking the time derivative of the Ampère's law yields:
where the ٌϫٌϫE term naturally vanishes in onedimensional ͑1D͒. One can say that the science of making a plasma accelerator is about finding the most effective way of producing the appropriate J 2z (z,t). Of course, not every functional form of J 2z (z,t) is useful for making plasma waves suitable for relativistic particle acceleration. In the rest of this paper we concentrate on exciting J 2z (z,t) ϵJ 2z (zϪct) using one or several laser pulses.
II. COMPARISON OF SINGLE-BEAM AND COLLIDING BEAM ACCELERATORS
The simplest laser-driven plasma accelerator, which was also the first one realized in the experiments, is the plasma beatwave accelerator [1] [2] [3] [4] [5] [6] ͑PBWA͒. It employs a pair of copropagating laser beams with normalized vector-potentials a 0,1 ϭeA 0,1 /mc 2 and frequencies 0 and 1 ϭ 0 Ϫ p . The nonlinear current J 2z is driven by the ponderomotive force of the resulting electromagnetic beatwave according to ‫ץ‬ t J 2z ϭen‫ץ‬ z (a 0 •a 1 ). If the two laser-beams are detuned by the plasma frequency p , plasma wave is resonantly excited. The beatwave scheme was also considered by Rosenbluth and Liu 14 for plasma heating. From Eq. ͑1͒, to excite a plasma wave one needs to deposit momentum into the plasma. The source of this momentum is the laser. However, since the typical laser frequencies 0,1 ӷ p , it is impossible for a laser photon to impart its entire momentum to the plasma. What happens instead is that the frequency of a laser photon is downshifted by the amount p , depositing the remainder momentum and energy into the plasma. In the case of PBWA, higher-frequency photons at 0 are scattered into the lowerfrequency photons at 1 ϭ 0 Ϫ p . Schematically, this process is shown in the top Fig. 1 . The phasors of the lasers lie on the 2 ϭ p 2 ϩc 2 k 2 dispersion curve, and the vector difference of these phasors gives the phasor of the driven plasma wave. Phase velocity of the plasma wave is then given by
is the group velocity of the laser packet. Since v ph Ϸc, thus excited plasma wave is suitable for particle acceleration.
The total momentum transfer rate to the plasma in PBWA is then proportional to the relative momentum transfer per photon t ϭ p / 0 , times the rate of scattering which is proportional to beam intensity. Since the relative amount of down-shifting t Ӷ1, high laser intensities are needed to ensure the high overall rate of the momentum transfer. Note that Fig. 1 ͑top͒ is also applicable to the laser wakefield accelerator ͑LWFA͒ which employs a single ultrashort ( L Ϸ2 p Ϫ1 ) laser pulse. Broad bandwidth of the pulse implies that it contains a continuum of frequency pairs differing from each other by p . Because the pulse is short, wake excitation is not resonant, and even larger than in PBWA intensity is needed ͑typically, close to 10 18 W/cm 2 to achieve E/E WB ϳ0.2͒.
In a colliding-beam accelerator ͑CBA͒ 15, 16 we take a very different approach by employing two counterpropagating laser beams with differing frequencies: one short and another long ͑referred to as the pump, with duration p ϭ2L p /c, where L p is the length of the plasma͒. Two types of short laser beams are envisioned: ͑a͒ containing two spatially and temporally overlapping discrete frequency components of duration L ӷ p Ϫ1 , or ͑b͒ single-frequency ultrashort ( p L ϳ1) laser pulse. When the two beams interact in the plasma, the photons of the higher-frequency beam scatter into the photons of the lower-frequency beam. The crucial difference from the PBWA case is that now approximately twice the total photon momentum is deposited into the plasma: the recoil momentum of scattering a forward moving photon with frequency 0 into a backward moving photon with frequency 2 is ប 0 /cϪ(Ϫប 2 /c) Ϸ2ប 0 /c. Thus, the laser beams' intensities required to produce a given accelerating field can be smaller for counterpropagating geometry than for the LWFA ͑or PBWA͒.
The bottom drawing in Fig. 1 ͑labeled CBA͒ illustrates the nonlinear excitation of the fast plasma waves which is significantly more complex than in PBWA ͑or LWFA͒. Specifically, we assume that two frequency components, separated by p , are propagating in the forward direction. These two frequency components could either belong to two separate and long laser beams ͑as in PBWA͒, or to a single ultrashort laser pulse ͑as in LWFA͒. In the latter case, a continuum of such frequency pairs separated by p can be identified. Only one such pair is shown in Fig. 1 . The frequency phasor for the counter-propagating beam is labeled as backward beam. The beating between the different frequency components of the forward beam and the backward beam produce two ''slow'' plasma waves which are shown as almost-horizontal lines in the drawing. It is the nonlinear mixing of these two slow waves that gives rise to the ''fast'' plasma wave ͑labeled as plasma wake͒. Therefore, the accelerating plasma wave is produced by a super-beatwave: the beatwave of two beatwaves.
Visually, one can deduce from the drawing that the phase velocity of the fast wave is much larger than that of the slow waves. Mathematically, one can show that the phase velocities of the slow waves roughly scale as v sl Ϸ p /k 0 while the phase velocity of the fast wake is close to the speed of light. In Sec. III we derive formulas for the fast wake amplitude and demonstrate that, under some circumstances, it can be much larger than the regular wake produced by only the forward propagating pulse͑s͒.
III. COLLIDING BEAM ACCELERATOR
To provide motivation for the rest of the paper, we present a numerical simulation which demonstrates that the addition of a backward-propagating laser beam to a forwardpropagating beam can excite very large (ӷ1 GeV/m) plasma waves which are stronger than the ones excited by the forward-propagating beam alone. The following physical FIG. 1. PBWA: Kinematics of the plasma wake excitation by a copropagating wave packet consisting of two frequency components differing by ⌬ϭ p . Phase velocity of plasma wake v ph Ϸv g , where v g is the group velocity of the wave packet; CBA: Same, only using an extra counterpropagating laser beam. Nonlinear beating of two slow waves gives rise to fast plasma wake.
problem was simulated using a one-dimensional particle-incell ͑PIC͒ code VLPL. 17 An ultrashort circularly polarized Gaussian laser pulse with duration L ϭ1.5 p Ϫ1 and normalized vector potential a 0 ϭ0.12, propagating in the positive z direction, collides in a plasma with a long counterpropagating pulse with a 1 ϭ0.05. Plasma density was chosen such that p / 0 ϭ0.05. The snapshot of the pulse intensity normalized to 2.7ϫ10 18 W/cm 2 is shown in Fig. 2͑a͒ . Two cases, corresponding to the different frequencies of the long pulse, 1 ϭ1.1 0 and 1 ϭ0.9 0 , were simulated. The resulting plasma wakes are shown in Figs. 2͑c͒ and 2͑d͒, respectively. For comparison, we also plot the wake produced by a single short pulse in absence of the long counterpropagating pulse in Fig. 2͑b͒ .
Since the intensity of the short pulse is chosen nonrelativistic, the magnitude of the plasma wake left behind the pulse is much smaller than the limiting ͑wavebreaking͒ field according to E/E wb ϳa 0 2 /2, where E wb ϭmc p /e. The situation changes dramatically when a counter-propagating beam is added. As Figs. 2͑c͒ and 2͑d͒ indicate, the addition of the pumping beam increases the electric field of the plasma wake by an order of magnitude. To further illustrate this point, we plotted the regular wake ͓same as shown in Fig. 2͑b͔͒ in Figs. 2͑c͒ and 2͑d͒ for comparison. Note that the vertical scales of the Figs. 2͑c͒ and 2͑d͒ and Fig. 2͑b͒ differ by a factor 20. Plasma wakes produced as a result of the collision between the counter-propagating beams is referred to as the enhanced wake because it is much larger than the regular wake.
This conclusion about the relative magnitudes of the regular and enhanced wakes is only valid for nonrelativistic laser pulses. It turns out that the magnitude of the enhanced wake EϽ( p / 0 )E wb . This limit is set by the maximum velocity of the plasma electrons which cannot significantly exceed the phase velocity of the beatwave between the short and long laser beam, equal to v sl ϭ( 0 Ϫ 1 )/2k 0 . Excitation of the fast ͑accelerating͒ plasma wake is a strongly nonlinear process, with the slow ͑short-wavelength͒ plasma waves generated as intermediaries. These short-wavelength plasma excitations can be excited either linearly, or ͑as it is the case for the simulation parameters of Fig. 2͒ nonlinearly. Below, we separately analyze these two excitation regimes, starting with the linear regime.
A. Linear regime: Four-wave mixing
The above kinematic illustration in Fig. 1 is, of course, only a cartoon, which does not explain the physical mechanism of the nonlinear mixing between the slow plasma waves. To derive the equations for the excitation of the accelerating plasma wake, assume that two laser pulses with frequencies detuned from each other by p are interacting with the counter-propagating pump. Slow plasma wave are nonresonantly driven through the two-wave mixing of each of the forward-moving components of the beatwave with the pump. The beating between these slow plasma excitation is a novel mechanism of driving fast plasma waves. From Eq. ͑1͒
where ϭtϪz/c, and ͗nv͘ϭn 0 v 1 *ϩn 1 v 0 *ϩc.c., where n 0,1 and v 0,1 are, correspondingly, fractional density and velocity perturbations in the first and second slow plasma waves. The fast wave, characterized by its amplitude E z , is then nonlinearly driven by the right-hand side ͑RHS͒ of Eq. ͑2͒. Equation ͑2͒ mathematically expresses the nonlinear mixing between the slow plasma waves schematically shown in Fig. 1 . Let us further assume that pulses 0 and 1 are both flattops of duration L , and their corresponding detunings from the counter-propagating pump are ⌬ 0 ϭ 0 Ϫ 2 and ⌬ 1 ϭ 1 Ϫ 2 . The normalized vector-potentials aϭeA/mc 2 of the lasers are given by
where F(t)ϭH(t)ϪH(tϪ L ) is the flat-top profile of the forward propagating laser beams, 0,1 ϭk 0,1 zϪ 0,1 t are their phases, and 2 ϭk 2 zϩ 2 t is the phase of the pumping beam which is assumed infinitely long. Slow plasma waves are excited according to
Expressing the density perturbation n as a sum of the two slow waves
we insert this expansion into Eq. ͑4͒ to obtain
Top to bottom: ͑a͒ single short laser pulse with a 0 ϭ0.12 and frequency 0 propagates from left to right; ͑b͒ short pulse generates a weak plasma wake E x ; ͑c͒ in the presence of counter-propagating pump with a 1 ϭ0.05 and frequency 1 ϭ1.1 0 the wake is enhanced, and its phase is shifted by /2 with respect to the ''regular'' wake of ͑b͒, which is also shown for comparison; ͑d͒ same as ͑c͒, only a down-shifted pump with 1 ϭ0.9 0 is used, and the phase shift is Ϫ/2.
Expanding the velocity perturbations in the slow waves in the same way as it was done in Eq. ͑5͒, we calculate v 0 and v 1 from the continuity equation
We are now in a position of calculating ͗nv͘
Note that the expression in front of the square brackets is proportional to the direct beatwave strength in the plasma beatwave accelerator. The term in the square brackets ͑which we label ͒ is proportional to the super-beatwave strength.
Whenever the term in the square brackets exceeds unity, the super-beatwave results in a larger accelerating wake than the usual beatwave. A more compact simplified expression for can be obtained by noting that in a tenuous plasma with p Ӷ 2 , k 0 ,k 1 Ϸk 2 Ϸ 2 /c, yielding
͑9͒
The magnitude of is, roughly, determined by the quantity
is only valid when ⌬ 0,1 2 p 2 , which physically means that none of the slow waves are resonantly excited.
Substituting ͗nv͘ into Eq. ͑2͒, we calculate the electric field behind the forward-moving beatwave in the region
where 0 Ϫ 1 ϭ(k 0 Ϫk 1 )zϪ p t is the phase of the fast plasma wave. Note that the phase velocity of the fast plasma wave ͑which is produced by the super-beatwave͒ is the same as that of the regular beatwave, and equal to the group velocity of the forward-moving laser packet. The phase of the fast plasma wake is determined by the relative phases of the forward-moving laser pulses. The phase of the counterpropagating pump does not matter at all, while its amplitude affects the enhancement coefficient of the super-beatwave , thereby determining the amplitude of the fast wave as well.
Also, according to Eq. ͑10͒, fast wave generation in the colliding beam accelerator is a four-wave process. Note that in the particular case of ⌬ 0 ϩ⌬ 1 ϭ0 wakefield vanishes. Since 1 ϭ 0 Ϫ p , this case corresponds to 2 ϭ 0 Ϫ0.5 p . Therefore, the scattering of the photons from beam 0 into beam 2 proceeds at the same rate as the scattering of the beam 2 into beam 1, and the overall momentum deposition into the plasma vanishes.
We simulated the beatwave enhancement using a onedimensional particle-in-cell ͑PIC͒ code VLPL. 17 Forward moving waves have identical normalized vector potentials a 0 ϭa 1 ϭ0.025, the counter-propagating beam has a 2 ϭ0.03. Laser and plasma frequencies were chosen as follows: 0 ϭ10.5 p , 1 ϭ9.5 p , 2 ϭ11.0 p . Plasma density was chosen nϭ10 19 cm Ϫ3 ͑corresponding to plasma wavelength p ϭ2c/ p ϭ10 m͒, beatwave pulse duration p L ϭ25, and the total simulated plasma region Lϭ10 p ϭ100 m long. Electric field produced as the result of the interaction is plotted in Fig. 3 . The smaller signal ͑about 2 GeV/m͒ is the electric field obtained in the simulation with identical parameters, except that the pump was turned off. As Fig. 3 clearly indicates, the enhanced beatwave significantly exceeds the regular beatwave, and produces the accelerating field E z Ϸ12 GeV/m.
Electric field driven by the super-beatwave appear less regular than the one driven by the regular beatwave mainly because of the finite short-wavelength electric field which is proportional to the amplitude of the slow waves. As far as the accelerating properties of the enhanced wake are concerned, short-wavelength excitations should not affect acceleration because of their low phase velocity. More on this is said in Sec. V.
Let us now turn to another scenario, which is conceptually related to the laser-wakefield accelerator ͑LWFA͒.
1,7-11
Here an ultrashort laser pulse replaces the forward-moving beatwave. Simulation results presented in Fig. 2 assumed a large enough laser amplitude to cause the breaking of the slow plasma waves. However, at small enough laser amplitude ͑precisely how small is explained in the Sec. III B͒, linear calculation similar to the one presented for the beatwave case becomes valid. An expression for E z , similar to Eq. ͑10͒, was derived in Ref. 15 18 cm Ϫ3 and 0 ϭ1 m, the corresponding critical pump intensity for which the enhanced plasma wake exceeds the regular one is given by I 2 Ϸ2ϫ10 14 W/cm 2 . Note that this criterion is very simi-lar to Ͼ1, where is given by Eq. ͑9͒. This is not surprising: in both cases fast plasma waves are produced via fourwave mixing.
B. Nonlinear regime: Particle trapping
The above picture of a four-wave process resulting in the excitation of a fast wave via the super-beatwave mechanism is only true when all waves in question are linear. Fast plasma wave always remains linear because its amplitude is below the wavebreaking limit. Slow waves ͑which beat against each other to produce the super-beatwave͒ break much easier, their breaking limiting the fast wave amplitude. The ease with which the slow waves break is related to their low phase velocity. Indeed, breaking of a particular wave with phase velocity v ph occurs when plasma electrons are accelerated to velocities vϭv ph . After wavebreaking, particle motion is determined solely by the ponderomotive beatwave force between counter-propagating beams. Space charge force becomes smaller than the ponderomotive force, and can be neglected.
The most interesting and easy-to-understand regime corresponds to the single-frequency short pulse of duration L Ͻ/ p which is strong enough to cause wavebreaking. The incidence of wavebreaking is, approximately, determined by the ratio of the bounce frequency B ϭ2 0 ͱa 0 a 2 and the plasma frequency. In the strongly nonlinear regime B 2 ӷ p 2 , and the space-charge force which is proportional to p 2 can be neglected in comparison with the ponderomotive force which is proportional to B 2 . In this regime plasma wave amplitude is estimated 16 as
where ͗P z ͘ is the average momentum transferred to the plasma by the laser pulse. The physics of this momentum transfer can be visualized by plotting the electron phase space at different times: Before the arrival of the short pulse, near the maximum of the short pulse, and right after the wavebreaking ͑Fig. 4͒. Numerical simulations indicate that the largest momentum gain is achieved for the frequency detuning ⌬Ϸ B and pulse duration L Ϸ2/ B . For those parameters, plasma electrons execute about half a bounce in the ponderomotive potential, and leave the ponderomotive bucket with average velocity v z Ϸc B / 0 . The nonlinear current J 2z ϭϪenv z is then inserted into Eq. ͑2͒ to yield Eq. ͑12͒.
IV. PARAMETRIC EXCITATION OF PLASMA WAVES BY 2 P DETUNING
In the previous section we considered two approaches to excitation of fast plasma waves: One involved two pulses moving in the forward direction and another in the backward direction ͑super-beatwave approach͒, and the other one required a short ( L Ϸ2/ p ) forward-moving pulse and a backward-moving pulse ͑CBA approach͒. The beatwave approach is complex for two reasons: ͑a͒ Three laser pulses are needed, and ͑b͒ laser pulses have to be detuned by the plasma frequency. Most laser systems have a fairly small bandwidth ͑several percent͒. This reduces the resonant plasma density and the accelerating gradient. For example, if the fractional frequency detuning is ⌬/ 0 ϭ3%, then the resonant plasma density for a 1 m laser is n p ϭ10 18 cm Ϫ3 . Since the accelerating gradient is limited by wavebreaking to only E z Ϸ( p / 0 )mc p /e, the accelerating gradient in of a super-beatwave accelerator in such plasma is only 3 GeV/m.
Single-pulse CBA can also be challenging with presently available lasers because it requires a very short pulse. For example, assuming n p ϭ10
19 cm Ϫ3 and p ϭ2 p Ϫ1 yields the full width, half maximum ͑FWHM͒ of only 14 fs. While such short pulse lasers do exist, 18 they are not widely available and are, typically, low power. All these limitations, and also the simultaneous availability of Nd:Yag ( 1 ϭ1.06 m) and Ti:S ( 0 ϭ0.8 m) laser systems in a number of laboratories compels one to think of other possible techniques of wake excitation. A novel scheme 19 has been recently suggested: parametric excitation of accelerating plasma waves using counterpropagating laser beams detuned by, approximately, 2 p . Short-pulse duration no longer is required to be comparable to p Ϫ1 ; in fact, it is advantageous to use significantly longer pulses with p L Ϸ25. From experimental standpoint, this could be a fairly attractive regime: if 0 Ϫ 1 ϭ2 p , then the desired plasma density n p Ϸ2.5ϫ10
19 cm Ϫ3 , and the required pulse duration L Ϸ25 p Ϫ1 corresponds to 160 fs ͑FWHM͒. Such plasma and laser parameters are achievable, making the practical implementation of the scheme feasible.
We simulated the interaction between a trapezoidallyshaped short pulse and a long counter-propagating laser beam using a one-dimensional version of a VLPL 17 particlein-cell code. The amplitude of the circularly-polarized short pulse is a 0 ϭ0. simplicity that 0 ϭ1 m, the peak intensity of the short pulse is 2.7ϫ10 16 W/cm 2 . As the short pulse interacts with the long pump, an accelerating wake grows from the front of the short pulse towards the back, as shown in Fig. 5͑b͒ . The peak accelerating gradient is about 10 GeV/m. Wakefield decreases for ZϽ20 m because the two pulses met at Z ϭ20 m.
Periodicity of the plasma wake is 10 0 ϭ2c/ p . Therefore, the phase velocity of this wake is Ϸc, and it is suitable for particle acceleration. The spiky appearance of the wake is due to the simultaneous generation of the slow plasma waves, just as it was the case in Fig. 3 . The same simulation was repeated without the low-intensity counterpropagating beam, and the accelerating field was much smaller. This simulation confirms that the counterpropagating laser beam initiates a parametric instability which amplifies a very small initial wakefield. To our knowledge, this is the first direct PIC simulation of the plasma wake generation by two counter-propagating lasers detuned by 2 p . It confirms the effect which was previously modeled analytically and using a simplified time-averaged particle simulation. 19 In the co-propagating geometry and at much higher intensity, parametric wake excitation at ⌬ ϭ2 p detuning was recently simulated by Ren et al. 20 That a plasma wave can be driven unstable by the 2 p beatwave was originally proposed by Rosenbluth and Liu, 14 who calculated the growth rate of a fast plasma wave ␥ RL Ϸ p a 0 a 1 /2 ͑co-propagating lasers͒. This instability is highorder, with growth rate scaling as the product of laser amplitudes. Thus, for pump waves of sub-relativistic intensity, i.e., a 0 ,a 1 Ӷ1, this decay instability is too slow to be of great practical interest. Simulation results presented in Fig. 5 indicates that the counter-propagating geometry ͑i͒ results in a much larger growth rate, and ͑ii͒ produces fast ͑accelerating͒ plasma waves, just as the co-propagating geometry would. Both effects were overlooked in the original calculation of Rosenbluth and Liu. Thus, Fig. 5 illustrates a totally different laser-plasma instability. Below we explain the basic physics of this instability.
To describe the one-dimensional plasma motion in the field of two laser beams, we use the Lagrangian approach. 21 Plasma electron position is characterized by its timedependent displacement (z 0 ,t) from the equilibrium position z 0 . By definition, ϭzϪz 0 and (z 0 ,tϭϪϱ)ϭ0. Electron equation of motion is then given by
where the second term in the left-hand side ͑LHS͒ of Eq. ͑13͒ is the restoring force of the ion background which is assumed immobile. The RHS of Eq. ͑13͒ is the ponderomotive force, and aϭa 0 ϩa 1 is the total vector potential. The expression for the ponderomotive force was derived using conservation of the canonical momenta P x and P y of the electron. Conservation of P x and P y follows from the assumption that both laser fields are given by plane waves which do not depend on x or y: a 0,1 ϭa 0,1 (e Ϯ exp(i 0,1 ) ϩc.c.), where e ϩ(Ϫ) ϭ(e x Ϯie y )/2, 0 ϭk 0 zϪ 0 t, and 1 ϭk 1 zϩ 1 t. In nonrelativistic case, this translates into a simple expression for v Ќ ϭca which was used to derive the equation for the ponderomotive force. We are interested in the cross-term in the expansion ͉a͉ 2 ϭ͉a 0 ͉ 2 ϩ͉a 1 ͉ 2 ϩ2a 0 •a 1 which is responsible for the beatwave excitation of the plasma.
Noting that 0 ϩ 1 ϭ(k 0 ϩk 1 )zϪ⌬tϷ2k 0 zϪ⌬t, where ⌬ϭ 0 Ϫ 1 , we obtain from Eq. ͑13͒
Due to the nonlinear term expϪ2ik 0 in the RHS of Eq. ͑14͒, several modes of plasma oscillation can become coupled. We concentrate on the coupling between two particular plasma modes with wave numbers k s ϭ2k 0 Ϫk p and k f ϭk p ϵ p /c. Here k s and k f are the wave numbers of the slow and fast plasma waves, respectively. These two waves are strongly coupled to each other when ⌬ϭ2 p . If a 0 is constant, any two waves with k s and k f satisfying k s ϩk f ϭ2k 0 are strongly coupled. In reality, however, a 0 represents the vector potential of an ultrashort laser pulse propagating with the group velocity v g Ϸc. Therefore, a 0 ϵa 0 (tϪz/v g )Ϸa 0 (tϪz 0 /c) since the laser envelop is longer than the wavelength. This selects the wave number of the fast wave k f ϭ p /c and, therefore, the wavelength of the slow wave k s ϭ2k 0 Ϫk p . Numerical results presented in Fig.  5 also reveal the strong excitation of a plasma wave with k ϭ p /c.
To describe the instability, we assume the most general two-wave ansatz for an electron displacement
where A f ( f ) and A s ( s ) are the amplitudes ͑phases͒ of the fast and slow plasma waves. Of interest to plasma accelerators is, of course, only the fast plasma wave with phase velocity close to the speed of light. For simplicity, in the analytic calculation we assume monochromatic laser waves. Short-pulse effects are numerically treated later on ͑see Fig. 6͒ .
We proceed by substituting from Eq. ͑15͒ into the nonlinear term expϪ2ik 0 in the RHS of Eq. ͑14͒ and using the Bessel identity e i␣ sin ϭ͚ k J k (␣)e ik . Equation ͑14͒ then becomes
where ␦ϭ⌬Ϫ2 p . A set of purely time-dependent equations can now be obtained by separating the z 0 dependent terms on both sides of Eq. ͑16͒. Thus, substituting Eq. ͑15͒ into LHS of Eq. ͑16͒ and matching the corresponding harmonics of k p z 0 and k s z 0 on both sides of the equation, we can write for the (kϭ0,lϭ1) and (kϭ1,lϭ0) terms the following:
where ϭ s ϩ f ϩ/2ϩ␦t, ⍀ B 2 ϭ4a 0 a 1 0 2 / p 2 is the square of the electron bounce frequency in the optical lattice created by the interference of the counter-propagating lasers, and
The general case of nonzero laser detuning and large wave amplitudes were analyzed in Ref. 19 Fig. 6 , where we observe the excitation of both the fast and the slow plasma waves.
Despite the small amplitudes of both forward and backward pulse, and despite the fact that the duration of the short pulse is too long for the efficient wake generation, we find that a significant fast plasma wave E z ϭ7 GeV/m is excited. Parameters used in the simulation are fairly standard for Ti:S and Nd-Glass systems.
Simulation results presented in Fig. 6 point to another important aspect of the parametric excitation of fast plasma waves using counter-propagating laser beams. Despite the fact that the frequency detuning between the two laser beams differs from 2 p ͑⌬ϭ2.35 p in the simulation͒, instability still proceeds. This means that the growth rate of the instability is not very sensitive to variations in laser detuning or in the plasma density. This is quite advantageous since plasma density may not be known to high accuracy, and may vary across the interaction region.
V. UTILITY OF COLLIDING BEAM ACCELERATOR
One obvious benefit of the counter-propagating geometry is that very large accelerating wakes ͑of order 10 GeV/m͒ can be produced with moderate-intensity lasers (I ϳ10 16 W/cm 2 ). Another, less obvious benefit is the ability to control the phase of the accelerating wake. One observes from Fig. 2 that by changing the frequency of the long pulse from 1 ϭ1.1 0 ͓Fig. 2͑c͔͒ to 1 ϭ0.9 0 ͓Fig. 2͑d͔͒, the phase of the wake is changed by ⌬ϭ. Thus, one can envision a ''plasma linac'' which consists of independently phase-controlled acceleration sections, separated by drift spaces.
Numerical implementation of the plasma linac concept is shown in Fig. 7 . Collision of a short ''timing beam'' ͑TB͒ of duration L ϭ p Ϫ1 and normalized vector potential a 0 ϭ0.08 with a long ''pumping beam'' ͑PB͒ a 1 ϭ0.012 is modeled using a one-dimensional ͑1D͒ version of PIC simulation code VLPL. 17 Figure 7͑a͒ illustrates the temporal profile of the PB, which moves to the left; Figs. 7͑b͒ and 7͑c͒ are the snapshots of the generated plasma wake and the phase space of accelerated electrons, which are continuously injected with initial energy 10 MeV electrons; Fig. 7͑d͒ shows the evolution of the TB as it moves through the plasma. To show how one can control the phase and the magnitude of the resulting plasma wake, we split the PB into two sections: The leading section of duration ⌬t 1 ϭ500ϫ2/ 0 , where ⌬ϭϪ1.7 p , and the trailing section ⌬t 3 ϭ250ϫ2/ 0 , where ⌬ϭ1.7 p . These two pump beam sections are separated by the middle section of duration ⌬t 2 ϭ⌬t 3 , where the pump is switched off.
As Figs. 7͑a͒ and 7͑b͒ show, the three pump sections map into three spatial acceleration regions, which are differ- ent from each other in TB dynamics, magnitude, and phase of the plasma wake. In the leading region the pump beam has higher frequency and energy flows into the TB, amplifying it. A strong plasma wake with the peak accelerating gradient of 8 GeV/m is induced. The middle region is void of the pump.
Here the TB interacts with the plasma through the usual LWFA mechanism only, producing a weak, Ͻ1 GeV/m, accelerating wake. In this region the energy of the injected electrons does not significantly change, as seen from Fig.  7͑c͒ . When the trailing ͑low-frequency͒ part of the pump collides with the TB, the energy flows from the TB into the PB, Fig. 7͑d͒ . Again, a strong plasma wake is induced, Fig.  7͑b͒ . This wake, however, is shifted in phase by ⌬ϭ with respect to the leading region. As a result, electrons which gained energy in the leading region are decelerated in the trailing region, Fig. 7͑c͒ . This shows that both amplitude and phase of the enhanced plasma wake can be controlled by shaping the long low-intensity pump beam. Note that the accelerating wake in Fig. 7͑b͒ looks somewhat irregular due to the presence of the slow ͑short-wavelength͒ plasma waves. Nevertheless, the particle phase space does not show any irregularity. Relativistic particles experience a much smoother accelerating field because the phase velocity of the slow plasma waves is much smaller than the speed of light.
Plasma linac can be used to prevent phase slippage between ultrarelativistic particles and the wake which has the phase velocity v ph /cϷ1Ϫ p 2 /2 0 2 . Since particles are moving slightly faster than the wake crests, they eventually outrun the accelerating phase and move into the decelerating phase of the wake ͑Fig. 8, left͒. This occurs after one dephasing length L d ϭ p 3 / 0 2 . After that, acceleration has to be terminated by terminating the plasma. The next acceleration stage needs to be in phase with the previous one, presenting a serious technical challenge.
In a colliding beam plasma linac shown in Fig. 7 dephasing can be circumvented by taking the length of the leading pump section equal to 2L d . Particle phase dynamics is shown in Fig. 8 , right. After advancing in phase by ⌬ ϭ, electron finds itself in the gap between accelerating sections. Accelerating field in the gap is very small because there is no enhanced wake there. After the gap, electron enters the second accelerating section, where the phase differs from the first section by . Therefore, electron is in the accelerating phase again. This sequence can be repeated indefinitely, ensuring that electron is never decelerated.
VI. FUTURE WORK
An important unresolved problem is generation of accelerating plasma waves using the CBA technique in a plasma FIG. 7 . Collision between a short timing beam ͑a 0 ϭ0.08, L ϭ p Ϫ1 ͒ and an intermittent pump (a 1 ϭ0.012) in n 0 ϭ2.5ϫ10 18 cm Ϫ3 plasma ( 0 / p ϭ20). 10 MeV electrons are continuously injected into the plasma. ͑a͒ Time-dependence of the pumping beam intensity I 1 ϭa 1 2 ; ͑b͒ longitudinal electric field eE z /mc 0 ; ͑c͒ phase space of injected electrons; ͑d͒ propagation of the TB through the plasma, I 0 ϭa 0 2 .
FIG. 8. Schematic of the phase slippage of electron with respect to the wake in a standard wakefield accelerator ͑left͒ and in a ''plasma linac'' ͑right͒.
channel. Plasma channels are important for guiding both long and short laser beams. Moreover, transversely inhomogeneous plasma may impart an unusual structure to the accelerating field with a local minimum on axis. This may result in advantageous transverse focusing properties of the wake, especially in the context of the colliding-beam injector.
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